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Goal-Oriented Tensor: Beyond Age of Information
Towards Semantics-Empowered Goal-Oriented
Communications

Aimin Li
Sumei Sun

Abstract—Optimizations premised on open-loop metrics such
as Age of Information (Aol) indirectly enhance the system’s
decision-making utility. We therefore propose a novel closed-loop
metric named Goal-oriented Tensor (GoT) to directly quantify
the impact of semantic mismatches on goal-oriented decision-
making utility. Leveraging the GoT, we consider a sampler &
decision-maker pair that works collaboratively and distributively
to achieve a shared goal of communications. We formulate a two-
agent infinite-horizon Decentralized Partially Observable Markov
Decision Process (Dec-POMDP) to conjointly deduce the optimal
deterministic sampling policy and decision-making policy. To
circumvent the curse of dimensionality in obtaining an optimal
deterministic joint policy through Brute-Force-Search, a sub-
optimal yet computationally efficient algorithm is developed. This
algorithm is predicated on the search for a Nash Equilibrium
between the sampler and the decision-maker. Simulation results
reveal that the proposed sampler & decision-maker co-design
surpasses the current literature on Aol and its variants in
terms of both goal achievement utility and sparse sampling rate,
signifying progress in the semantics-conscious, goal-driven sparse
sampling design.

Index Terms—Goal-oriented communications, Goal-oriented
Tensor, Status updates, Age of Information, Age of Incorrect
Information, Value of Information, Semantics-aware sampling.

I. INTRODUCTION

The recent advancement of the emerging 5G and beyond has
spawned the proliferation of both theoretical development and
application instances for Internet of Things (IoT) networks.
In such networks, timely status updates are becoming increas-
ingly crucial for enabling real-time monitoring and actuation
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across a plethora of applications. To address the inadequacies
of traditional throughput and delay metrics in such contexts,
the Age of Information (Aol) has emerged as an innovative
metric to capture the data freshness perceived by the receiver
[2], defined as Aol(t) = t — U(t), where U(t) denotes
the generation time of the latest received packet before time
t. Since its inception, Aol has garnered significant research
attention and has been extensively analyzed in the queuing
systems [3]-[10], physical-layer communications [11]-[17],
MAC-layer communications [18]-[22], industrial IoT [23],
[24], energy harvesting systems [25]-[28], and etc. (see [29]
and the references therein for more comprehensive review).
These research efforts are driven by the consensus that a
freshly received message typically contains more valuable
information, thereby enhancing the utility of decision making.

Though Aol has been proven efficient in many freshness-
critical applications, it exhibits several critical shortcomings.
Specifically, (a) Aol does not provide a direct measure of
information value; (b) Aol does not consider the content
dynamics of source data and ignores the effect of End-to-End
(E2E) information mismatch on the decision-making process.

To address shortcoming (a), a typical approach is to impose
a non-linear penalty on Aol [30]-[33]. In [30], the authors
map the Aol to a non-linear and non-decreasing function
f(Aol(t)) to evaluate the degree of “discontent” resulting from
stale information. Subsequently, the optimal sampling policy
is deduced for an arbitrary non-decreasing penalty function.
The authors in [31] introduce two penalty functions, namely
the exponential penalty function a°'*) —1 and the logarithmic
penalty function log, (AoI(¢ + 1)), for evaluating the Cost of
Update Delay (CoUD). In [32], the binary indicator function
T{ao1(t)>d} is applied to evaluate whether the most recently
received message is up-to-date. Specifically, the penalty as-
sumes a value of 1 when the instantaneous Aol surpasses a
predetermined threshold d; otherwise, the penalty reverts to
0. The freshness of web crawling is evaluated through this
Aol-threshold binary indicator function. In [33], an analogous
binary indicator approach is implemented in caching systems
to evaluate the freshness of information.

The above works tend to tailor a particular non-linear
penalty function to evaluate the information value. However,
the selection of penalty functions in the above research re-
lies exclusively on empirical configurations, devoid of rig-
orous derivations. To this end, several information-theoretic
techniques strive to explicitly derive the non-linear penalty
function in terms of Aol [34]-[37]. One such quintessential
work is the auto-correlation function E [Xt*Xt_ AOI(t)} , which
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proves to be a non-linear function of Aol when the source
is stationary [34]. Another methodology worth noting is the
mutual information metric between the present source state
X, and the vector consisting of an ensemble of successfully
received updates Wy [35], [36]. In the context of a Markovian
source, this metric can be reduced to I(X¢; X¢_aor(1)), Which
demonstrates a non-linear dependency on Aol under both the
Gaussian Markov source and the Binary Markov source [35].
In [36], an analogous approach is utilized to characterize the
value of information (Vol) for the Ornstein-Uhlenbeck (OU)
process, which likewise demonstrates a non-linear dependency
on Aol. In [37], the conditional entropy H (X;|W};) is further
investigated to measure the uncertainty of the source for a
remote estimator given the history received updates W;. When
applied to a Markov Source, this conditional entropy simplifies
to H(X¢|X¢—ao1(+)). thus exemplifying a non-linear penalty
associated with Aol.

To address shortcoming (b), substantial research efforts have
been invested in the optimization of the Mean Squared Error
(MSE), denoted by (X; — Xt)Q, with an ultimate objective
of constructing a real-time reconstruction remote estimation
system [38]-[41]. In [38], a metric termed effective age is
proposed to minimize the MSE for the remote estimation of a
Markov source. In [39] and [40], two Markov sources of inter-
est, the Wiener process and the OU process are investigated to
deduce the MSE-optimal sampling policy. Intriguingly, these
policies were found to be threshold-based, activating sampling
only when the instantaneous MSE exceeds a predefined thresh-
old, otherwise maintaining a state of idleness. The authors
in [41] explored the trade-off between MSE and quantization
over a noisy channel, and derived the MSE-optimal sampling
strategy for the OU process.

Complementary to the above MSE-centered research, vari-
ants of Aol that address shortcoming (b) have also been
conceptualized [42]-[45]. In [42], Age of Changed Informa-
tion (AoCl) is proposed to address the ignorance of content
dynamics of Aol. In this regard, unchanged statuses do not
necessarily provide new information and thus are not pri-
oritized for transmission. In [43], the authors introduce the
context-aware weighting coefficient to propose the Urgency of
Information (Uol), a metric capable of measuring the weighted
MSE in diverse urgency contexts. In [44], the authors propose
a novel age penalty named Age of Synchronization (AoS), a
novel metric quantifying the time since the most recent end-
to-end synchronization. Moreover, considering that an E2E
status mismatch may exert a detrimental effect on the overall
system’s performance over time, the authors of [45] propose
a novel metric called Age of Incorrect Information (Aoll).
This metric quantifies the adverse effect stemming from the
duration of the E2E mismatch, revealing that both the degree
and duration of E2E semantic mismatches lead to a wutility
reduction for subsequent decision-making.

The above studies focused on the open-loop generation-
to-reception process within a transmitter-receiver pair, ne-
glecting the closed-loop perception-actuation timeliness. A
notable development addressing this issue is the extension
from Up/Down-Link (UL/DL) Aol to a closed-loop Aol met-
ric, referred to as the Age of Loop (AoL) [46]. Unlike the

traditional open-loop Aol, which diminishes upon successful
reception of a unidirectional update, the AoL decreases solely
when both the UL status and the DL command are successfully
received. Another advanced metric in [47], called Age of
Actuation (AoA), also encapsulates the actuation timeliness,
which proves pertinent when the receiver employs the received
update to execute timely actuation.

Notwithstanding the above advancements, the question on
how the E2E mismatch affects the closed-loop utility of
decision-making has yet to be addressed. To address this
issue, [48]-[51] introduce a metric termed CoAE to delve
deeper into the cost resulting from the error actuation due
to imprecise real-time estimations. Specifically, the CoAE is
denoted by an asymmetric zero diagonal matrix C, with each
value C x,.%, > 0 representing the instant cost under the E2E

mismatch status (X, X;) x,2%,- In this regard, the authors
reveal that the utility of decision-making bears a close relation
to the E2E semantic mismatch category, as opposed to the
mismatch duration (Aoll) or mismatch degree (MSE). For
example, an E2E semantic mismatch category that “Fire” is
detected as “No Fire” will result in high cost; while in the
opposite scenario, the cost is low. Nonetheless, we notice
that 7) the method to obtain a CoAE remains unclear, which
implicitly necessitates a pre-established decision-making pol-
icy; it) CoAE does not consider the context-varying factors,
which may also affect the decision-making utility; iii) the zero
diagonal property of the matrix implies the supposition that if
X, = X,, then C x,.%, = U, thereby signifying that error-less
actuation necessitates no energy expenditure. Fig. 1 provides
an overview of the existing metrics.

Against this background, the present authors have recently
proposed a new metric referred to as GoT in [52], which,
compared to CoAE CoAE, introduces new dimensions of the
context ¢, and the decision-making policy 7 4 to describe the
true utility of decision-making. Remarkably, we find that GoT
offers a versatile degeneration to established metrics such as
Aol, MSE, Uol, Aoll, and CoAE. Additionally, it provides a
balanced evaluation of the cost trade-off between the sampling
and decision-making. The contributions of this work could be
summarized as follows:

o We focus on the decision utility issue directly by employ-
ing the GoT. A controlled Markov source is observed,
wherein the transition of the source is dependent on both
the decision-making at the receiver and the contextual
situation it is situated. In this case, the decision-making
will lead to three aspects in utility: ¢) the future evolution
of the source; ii) the instant cost at the source; #¢7) the
energy and resources consumed by actuation.

e« We accomplish the goal-oriented sampler & decision-
maker co-design, which, to the best of our knowl-
edge, represents the first work that addresses the trade-
off between semantics-aware sampling and goal-oriented
decision-making. Specifically, we formulate this problem
as a two-agent infinite-horizon Decentralized Partially
Observable Markov Decision Process (Dec-POMDP)
problem, with one agent embodying the semantics and
context-aware sampler, and the other representing the
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Fig. 1. Interconnections of Age of Information and Beyond in the literature.

goal-oriented decision-maker. Note that the optimal solu-
tion of even a finite-horizon Dec-POMDP is known to be
NEXP-hard [53], we develop the RVI-Brute-Force-Search
Algorithm. This algorithm seeks to derive optimal deter-
ministic joint policies for both sampling and decision-
making. A thorough discussion on the optimality of our
algorithm is also presented.

o To further mitigate the “curse of dimensionality” intri-
cately linked with the execution of the optimal RVI-
Brute-Force-Search, we introduce a low-complexity yet
efficient algorithm to solve the problem. The algorithm
is designed by decoupling the problem into two dis-
tinct components: a Markov Decision Process (MDP)
problem and a Partially Observable Markov Decision
Process (POMDP) issue. Following this separation, the
algorithm endeavors to search for the joint Nash Equi-
librium between the sampler and the decision-maker,
providing a sub-optimal solution to this goal-oriented
communication-decision-making co-design.

II. GOAL-ORIENTED TENSOR

A. Specific Examples of Goal-Oriented Communications

Consider a time-slotted communication system. Let X; € S
represent the perceived status of the source at time slot ,
and Xt € S denote the observed status at the receiver end
at time slot ¢. A notable subset of goal-oriented communi-
cations is real-time reconstruction-oriented communications,
which is dedicated to achieving real-time and accurate status
reconstruction. This goal can be represented as:

T—1
1 -
minlimsup —=E E X, — X;)? 1
T_)OOPT tzo( t t) ey

Although real-time reconstruction is of significant value,
it doesn’t encompass the broader purpose of transmis-
sion—primarily, to enhance the accuracy of decision-making
processes. To this end, the metric CoAE is proposed in [48]-
[51] to describe the significance of the error at the actuation
point. CoAE, represented by the cost function C' X, %, quan-
tifies the instantaneous cost associated with decision errors

due to mismatch between X; and X;. By minimizing the
long-term average CoAE, the effects of mismatches that lead
to significant decision-making errors can be mitigated. For
instance, in fire monitoring systems, the error of misdetecting
a ‘Fire’ situation as ’No Fire’ could have far more severe
repercussions than the converse. This asymmetry necessitates
a CoAE-optimized policy that prioritizes the minimization of
more severe errors, ensuring that the system is particularly
sensitive to delivering ‘Fire’ message. The CoAE-oriented
problem is given as:

T-1
1
minlimsupr ZCXt,Xt )

T—o0 =0

2

Following the avenue of CoAE, we notice that the matrix-
based metric could be further augmented to tensors to realize
more flexible goal characterizations. For example, drawing
parallels with the concept of Urgency of Information [43], we
can introduce a context element ¥, to incorporate context-
aware attributes into this metric.! Accordingly, we can de-
fine a three-dimensional GoT through a specified mapping:
L:8 xV xS — R. This mapping assigns a distinct non-
negative real cost to each element within the three-dimension
space S x V x S. In this way, the GoT is defined as a mapping
GoT(t) £ L(X,,®;, X;). The function £ can be graphically
represented as a tensor, as illustrated in Fig. 2, hence the
term Goal-oriented Tensor is applied. In this regard, the GoT
indicates the instantaneous cost of the system at time slot ¢
given the tuple (Xt,@t,f(t). Consequently, the overarching
goal of this system is to minimize the long-term average cost:

min limsup E
T—o0

1 T-1
— > GoT(t) (3)
T
t=0
Tt is important to note that the GoT could be expanded into higher

dimensions by integrating additional components, including actuation policies,
task-specific attributes, and other factors.
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(b) An example for the GoT to characterize Aoll.

(c) An example for the GoT to characterize MSE.

(¢) An example for the GoT to characterize Uol.
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(d) An example fot the GoT to characterize Cost of Actuation Error.

(f) The general GoT.

Fig. 2. GoT visualizations, where distinct colored square signify varying levels of costs or penalties per time slot give a specific tuple (X¢, ®¢, Xt).

B. Flexibility of GoT

In this subsection, we demonstrate, through visualized ex-
amples and mathematical formulations, that a three-dimension
GoT can degenerate to existing metrics. Fig. 2 showcases a
variety of instances of the GoT metric.
e Degeneration to Aol: Aol is generally defined as Aol(t)
t—max {G; : D; < t}, where G; is the generated time stamp
of the i-th status update, D; represents the corresponding
deliver time slot. Since Aol is semantics-agnostic [48], [54],
the tensor values of the corresponding GoT only depend on
the freshness context ®; = Aol(t). The GoT can be reduced
to

L

GoT(t) = L(X,, &, X,) 2 0(t) = Aol(t). (&)

where (a) indicates that Aol is semantics-agnostic, i.e., it does
not relate to X; and X,. The process of reducing GoT to
Aol is visually depicted in Fig. 2(a). From Fig. 2(a), we can
notice that the tensor values given a specific ®, are constant,
signifying that Aol is semantics-agnostic.

o Degeneration to Aoll: The degeneration of the GoT to
the Aoll serves as a demonstration of the GoT’s adaptabil-
ity to existing semantic-aware metrics. Aoll is defined as
Aoll(t) £ f(AoS(t)) - g(Xy, X;), where AoS(t) & t —
max<7:t <71, Xy = Xt . Aoll is semantics-aware and is
hence regarded as an enabler of semantic communications
[55]. By setting ®; = f(AoS(t)), the GoT is succinctly
expressed as:

GoT() = £ (X, 8, %) @ @, g (X, )

= f(AoS(t)) - g(X¢, X;) = AolI(t),

®)

where g(Xt,Xt) represents the error function, commonly
defined by 1 (X%} The equation labeled (a) highlights
the intrinsic multiplicative nature of Aoll, integrating the
temporal dimension (AoS) with the error function to yield
Aoll. The visual representation of the GoT characterizing Aoll
is depicted in Fig. 2(b). From Fig. 2(b), we note the presence
of a foundational layer within the tensor representation. This
foundational layer serves as the cornerstone for subsequent
layers, which are generated by the multiplication of ®; across
this foundational layer.

e Degeneration to MSE: The GoT can also be reduced to
the MSE, a fundamental metric in the reconstruction-oriente2d
communications. MSE is defined as MSE(t) £ (Xt — Xt) ,
which is intuitively context-agnostic. This reduction is evident
in scenarios where the error function g(X;, X;) aligns with
the MSE formulation, i.e., g(X;, X;) = (X; — X¢)2. Under
these conditions, the GoT simplifies to the MSE as follows:

GoT(t) = £ (Xt, o, )Z(t) @, (Xt, Xt) o
- (Xt - Xt) = MSE(t).

The equation labeled (a) establishes due to the context-
agnostic nature of MSE. The visualization of the GoT reducing
to MSE is shown in Fig. 2(c).

e Degeneration to Uol: The degeneration of the GoT to the
Aoll serves as a demonstration of the GoT’s adaptability to
existing context and semantics-aware metrics. Uol is defined

N2
by Uol(t) & &, - (Xt —Xt> , where the context-aware
weighting coefficient ®, is further introduced [43]. When
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g(Xy, Xy) = (X; — X;)2, the GoT could be transformed into
the Uol by

GoT(t) = £ (Xt, >, Xt) ;2 o, g (Xt, Xt) o
— - (Xt — Xt) — Uol (1),

where (a) indicates the inherent multiplicative characteristic of
Uol. The visualization of the GoT reduction to Uol is shown
in Fig. 2(d). From Fig. 2(d), we can also note the presence of
a foundational layer within the tensor. This foundational layer
serves as the cornerstone for other layers, which are generated
by the multiplication of ®; across this foundational layer.

e Degeneration to CoAE: GoT can also be reduced to CoAE
CoAE is defined by C' X X0 which indicates the instantaneous

system cost if the source status is X; and the estimated one Xt
mismatch [50]. Let g(X;, X;) = Cy, %, the GoT collapses
to CoAE:

GoT(t) = £ (X, @, %) @ g (X0, %) = Cx 50 ®)

where (a) establishes due to the context-agnostic nature of
CoAE. This reduction is visually represented in Fig. 2(e),
highlighting the context-independent nature of CoAE within
the GoT framework; that is, the value of the tensor remains
constant regardless of ®,.

C. Goal Characterization Through GoT

In this subsection, we further demonstrate The GoT frame-
work extends beyond flexibility of characterizing established
metrics; it also offers its utility in characterizing generalized
communication goals that are ultimately achieved by deci-
sion making. Specifically, as shown in Fig. 2 (f), within a
broader GoT framework, the cost associated with semantics
mismatches under a specific context can be assigned with
any non-negative value, which is dependent on the decision-
making policy designed for achieving a certain goal.

To characterize a goal through GoT, here we propose a
method that formulates GoT by meticulously considering both
the scenario at hand and the intended goal. Specific examples
are also give in this subsection.

1) Steps to Formulate a GoT to Characterize the Goal
e Step 1: Clarify the scenario and the communication goal.
e Step 2: Define the sets of semantic status, S, and contextual
status, V. These sets can be modeled as collections of discrete
components. Here X; € § and ¢, € V.

e Step 3: The GoT could be decoupled by three factors:

i) The status inherent cost C (X, ®;). It quantifies the cost
associated with different status pairs (X, ®;) in the absence
of external influences;

ii) The actuation gain Cy (w4 (X)), where 74 is a determin-
istic decision policy contingent upon X,. This cost quantifies
the positive utility resulting from the actuation 74 (X (t));
iii) The actuation resource consumption Cs(m4(X;)), which
reflects the resources consumed by implementing 74 (X (t)).

>The definitions of costs are diverse, covering aspects such as financial
loss, energy consumption, depending on the specific goal they are designed
to address. Different types of costs are scaled through the scaling factors a
and b in (9)

e Step 4: Constructing the GoT. The GoT that characterizes
the goal is calculated by

L+ .

GoT™ (1) = [C1(X1, @) — aCa(ma(X)| +bCs(ma(X0)),

©))
where a and b serve as scaling factors or unit conversion
constants. Their role is to adjust the magnitudes of the
terms involved, ensuring dimensional consistency across the
equation. For example, when C;(X;, ®;) represents energy
consumption with its own units and Cy(m4(X;)) denotes
financial cost in a different unit system, the constant a har-
monizes these diverse units. The ramp function []+ ensures
that any actuation 7 A(Xt) reduces the cost to a maximum
of 0. To further illustrate the above steps, we provide an
example in the following. For more intricate applications, the
GoT formulation can be similarly derived as outlined in this
subsection.

2) A Specific Example

As a case study, we consider a forest fire remote moni-
toring and rescue system. In such a system, the goal is to
execute timely and appropriate rescue operation so that the
cost resulted from fire and rescue resource consumption are
minimized in long term. We assume that the sensors monitor
the forest situation and perceived the semantic status X; € S,
indicating the fire occurrence at time slot ¢. Here, the semantics
set is defined as S = {Big Fire, Middle Fire, No Fire}. The
weather (or context) around the monitored area at time slot ¢
is defined as ®; € V, where V = {Rainy, Sunny}.

The decision maker should make decisions based on the
observed status Xt. The decision policy is defined as 7 A(Xt),
where X’t € S is the observed status at the receiver at time
slot ¢, and the w4 () : S — A generates decisions a4 (t) € A
based on X;. We consider the decision making space as A4 =
{ag,- -+ ,a10}. The variables a;, where 0 < i < 10, denote
distinct levels of rescue operations. Each operation level varies
in the amount of resources it consumes and the degree of
rescue gain it yields. As an example, we define the decision
making policy as 74 (Big Fire) = a7, w4 (Fire) = as, and
74 (No Fire) = ag.

The GoT aims to characterize the instantaneous cost resulted
by different types of semantics mismatch and decision making
policies in real-time scenarios. Specifically, we consider a “Big
Fire” status incurs a variable cost depending on weather con-
ditions: 50 units per time slot on a “Sunny” day and 20 units
during “Rainy” conditions. Meanwhile, “Fire” status incurs
20 units per time slot on a “Sunny” day and 10 units during
“Rainy” conditions. In contrast, a “No Fire” status does not
generate any cost under either weather scenario. Furthermore,
we can consider Co(7m4(X;)) and Cs(m4 (X)) are both linear
to the actuation with Cy (74 (X;)) = C,- Index(ma(X;)) and
Cs(ma(Xy)) = C; - Index(ma(X;)), where Index(a;) = i.
This signifies that the action a; will consume ¢ - C7 unit
resources per time slot and will brings about at most C|
gain per time slot. These cost parameters are established
based on historical data and past experiences. From the above
discussion, we have the costs as:
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Fig. 3. GoT to characterize the goal in forest fire remote monitoring and res-
cue system: an example. For instance, the red square with value 29 represents
the cost per time slot when (X¢, ®¢, X¢) = (Big Fire, Sunny, Fire).

1) Status inherent cost: (Unit cost per time slot)
(4 (Big Fire, Sunny) = 50, C} (Big Fire, Rainy) = 20,
C (Fire, Sunny) = 20, C (Fire, Rainy) = 10,
(4 (No Fire, Sunny) = 0, C; (No Fire, Rainy) = 0.

(10)
1) Actuation gain: (Unit cost per time slot)
Cs(ma(Big Fire)) = Ca(ar) = 7Cy,
Ca(ma(Fire)) = Ca(as) = 3C, (11)

CQ(?TA(NO Fire)) = CQ(CLQ) =0.
111) Actuation resource consumption: (Unit cost per time slot)

CS(WA(Blg Fire)) = CQ(G/?) = 70]7
Cs(ma(Fire)) = Cy(as3) = 3C7,
Cg(?TA(NO Fire)) = OQ(CL()) =0.

(12)

Then, by leveraging (9), we obtain the GoT as visualized in
Fig. 3. Here we assume that the units in (10)-(12) are the same,
and thus the scaling factors satisfy @ = b = 1. In addition, we
set C; = 8 and C7 = 1 as an example to visualize the tensor.

ITII. SYSTEM MODEL

This section aims to explore strategies for leveraging an
established GoT to achieve effective goal-oriented semantic
communications. We aim at designing efficient algorithms
that recognize the significance of the semantics in goal
achievement. As shown in Fig. 4, we consider a time-slotted
perception-actuation loop , where the semantics of the source
during the time slot ¢, denoted by X; € S = {sl, e ,s|5‘},
and the context around the source during the time slot ¢,
denoted by @, € V = {vy,--- v} are fed into a se-
mantic sampler, tasked with determining the significance of
the present status X; and subsequently deciding if it warrants
transmission via an unreliable channel. Here, X; and ®; be-
longs to the semantic set S and the context set V, respectively.

6
Actuator
as() . & P
Utility ; ﬁ »
i Sampler aa(t)
"""" M) e % De
X: o3 .. Unreliable . X;_, Decision ;
| Maker wa(-) |

® > > Chamnel |
! ] hy

o )
B B X

ACK/NACK

Fig. 4. Illustration of our considered system where transmitted semantic status
arrives at a receiver for decision-making to achieve a certain goal.

The semantics and context are extracted and assumed to per-
fectly describe the status of the observed process. The binary
indicator, ag(t) = ws(Xq, <I>t,f(t) € {0,1}, signifies the
sampling and transmission action at time slot ¢, with the value
1 representing the execution of sampling and transmission at
the beginning of the time slot, and the value 0 indicating the
idleness of the sampler. g here represents the sampling policy.
We consider a perfect and delay-free feedback channel [48]—
[51], with ACK representing a successful transmission and
NACK representing the otherwise. The decision-maker at the
receiver will make decisions a(t) € Aq = {al, e ,a‘AA|}
based on the most recently received semantic status at time slot
t, denoted by X,?. The decision making process will ultimately
affect the goal-achieving utility of the system.

A. Semantics and Context Dynamics

Thus far, a plethora of studies have delved into the analy-
sis of various discrete Markov sources, encompassing Birth-
Death Markov Processes elucidated in [51], binary Markov
sources elucidated in [56], and etc. In real-world situations,
the context and the actuation also affect the source’s evolution.
For instance, a rescue actuation will affect the evolution of
the fire situation; a control command will affect the position
of a vehicle. In this paper, we consider a context-dependent
controlled Discrete Markov source:

Pr(Xp1 = 80 | Xy = 51,04(t) = @, @ = vi) = pi",

13)
where the dynamics of the source is dependent on both the
decision-making a4 (¢) and context ®,. Furthermore, we take
into account the variations in context ®;, characterized by:

Pr ((I)t+1 = Up ‘(I)t = ’Uk) = Pk,r- (14)

Note that the semantic status X; and context status ®; could
be tailored according to the specific application scenario. In
general, these two processes are independent with each other.

B. Unreliable Channel

We assume that each transmission will incur a transmission
delay of 1 time slot and posit that the channel realizations
are independent and identically distributed (i.i.d.) across time

3We consider a general abstract decision-making set A4 that exhibits
adaptability to diverse applications. Notably, this decision-making set can be
customized and tailored to suit specific requirements. Examples have been
discussed in Section II.C
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Fig. 5. An illustration of Aol, AoCI, Aoll, and GoT in a time-slotted
status update system. Here, the value of GoT is obtained from Fig. 3. “NF”
represents “No Fire”, “F” indicates “Fire”, “R” represents “Rainy”, and “S”
represents “Sunny”. The yellow arrow represents the sampling action. The
green circle represents the successful delivery of an update. The red cross
indicates a failed update.

slots and are independent of X; and ®;, following a Bernoulli
distribution. Particularly, the channel realization h; assumes
a value of 1 in the event of successful transmission, and 0
otherwise. Accordingly, we define the probability of successful
transmission as Pr (h; = 1) = pg and the failure probability
as Pr (hy = 0) = 1 — pg. To characterize the dynamics of the
observation Xt, we consider two cases as described below:

e ag(t) = 0. In this case, the sampler and transmitter remain
idle at time slot ¢, manifesting that there is no new knowledge
delivered to the receiver at time slot t-+1. Thus, the observation
at the receiver at time slot £ + 1 remains remains the same as
that at time slot ¢, and we have )A(tH = Xt. As such, we have:

Pr (Xt+1 — ‘Xt = s;,as(t) = 0) —aesy. (15

e ag(t) = 1. In this case, the sampler and transmitter transmit
the current semantic status X; through an unreliable channel.
As the channel is unreliable, we differentiate between two
distinct situations: h; = 1 and h; = 0:

(a) hy = 1. In this case, the transmission is successful. As
such, the observed status at the receiver Xt+1 remains X (),
and the transition probability is

Pr <Xt+1 =z ’Xt =5, Xt =8i,a5(t) =1,hy = 1) = liz=s,}-

(16)
(b) hy = 0. In this case, the transmission is not successfully de-
coded by the receiver. As such, the observation at the receiver

X4 remains X (¢). In this way, the transition probability is

Pr (X'Hl =z ‘Xt =55, Xt =85,a5(t) =1,h = 0) = ljz—s,}-

7)
As the channel realization h; is independent with the process
of X;, X;, and as(t), we have that

Pr (Xt+1 =z ‘X’t =55, X = s5,a5(t) = 1)

= Zp(hf) PI‘ (Xt+1 =X ’Xt = Sj,Xt = s,-,as(t) = l,ht)
hy

=ps- Ly + (1 =ps) - Lip—s,)-

(18)
Combing (15) with (18) yields the dynamics of the observed
status X;.

C. Goal-oriented decision-making and Actuating

We note that the previous works primarily focused on mini-
mizing the open-loop freshness-related or error-related penalty
for a transmitter-receiver system. Nevertheless, irrespective
of the fresh delivery or accurate end-to-end timely recon-
struction, the ultimate goal of such optimization efforts is to
ensure precise and effective decision-making. To this end, we
broaden the open-loop transmitter-receiver information flow
to include a perception-actuation closed-loop utility flow by
incorporating the decision-making and actuation processes. As
a result, decision-making and actuation enable the conversion
of status updates into ultimate effectiveness. Here the decision-
making at time slot ¢ follows that a4 (t) = 74(X;), with 74
representing the deterministic decision-making policy.

IV. PROBLEM FORMULATION AND SOLUTION

Traditionally, the development of sampling strategies has
been designed separately from the decision-making process.
An archetypal illustration of this two-stage methodology in-
volves first determining the optimal sampling policy based
on Aol, MSE, and their derivatives, such as Aoll, and sub-
sequently accomplishing goal-oriented decision-making. This
two-stage separate design arises from the inherent limitation
of existing metrics that they fail to capture the closed-loop
decision utility. Nevertheless, the metric GoT empowers us to
undertake a co-design of sampling and decision-making.

We adopt the feam decision theory, wherein two agents,
one embodying the sampler and the other the decision-maker,
collaborate to achieve a shared goal. We aim at determining a
joint deterministic policy w¢ = (7g,m4) that minimizes the
long-term average cost of the system. It is considered that the
sampling and transmission of an update also consumes energy,
incurring a C's cost. In this case, the instant cost of the system
could be clarified by GoT™ (t) + Cg - ag(t), and the problem
is characterized as:

-1

Pl: min limsup £E™¢ <Z GoT™ (t) + Cg - as(t)> ,
mc€T Too t=0

(19)

where w¢o = (mg,ma) denotes the joint sampling and

decision-making policy, comprising 75 = (as(0),as(1), )
and 714 = (aa(0),a4(1),---), which correspond to the
sampling action sequence and actuation sequence, respectively.
Note that GoT™ () is characterized by (9).
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A. Dec-POMDP Formulation

The problem in (19) aims to find the optimal decentralized
policy 7 so that the long-term average cost of the system is
minimized. To solve the problem P1, we ought to formulate a
Dec-POMDP problem, which is initially introduced in [53] to
solve the cooperative sequential decision issues for distributed
multi-agents. Unlike MDP and POMDP frameworks, which
concentrate on the decision-making processes of a single
centralized agent, Dec-POMDP involves a group of agents
working collaboratively towards a shared goal, depending
entirely on their individual, localized, and partially observable
knowledge. In our context, the semantics-aware sampler and
the goal-oriented decision-maker work in a naturally decentral-
ized manner to achieve a shared goal, and we thus formulate it
as a Dec-POMDP problem. A typical Dec-POMDP is denoted
by a tuple MpPEC—_POMDP = (n,I, A, T,0,0, R>Z
e 1, denotes the number of agents. In this instance, we have
n = 2, signifying the presence of two agents within this
context: one agent Agents embodies the semantics-context-
aware sampler and transmitter, while the other represents the
Xt-dependent decision-maker, denoted by Agent 4.

e 7 is the finite set of the global system status, characterized
by (Xt,Xt,(I)t) € § x § x V. For the sake of brevity, we
henceforth denote W; = (X, Xt, ®,) in the squeal.

e T is the transition function defined by

T (w,a,w') £ Pr(Wi; = w|W; =w,a;, =a), (20)

which is defined by the transition probability from global
status W; = w to status W1 = w/, after the agents in
the system taking a joint action a; = a = (ag(t) aa(t)).
For the sake of concise notation, we let p(w’|w, a) symbolize
T (w,a,w’) in the subsequent discourse. Then, by taking into
account the conditional independence among X, 1, ®;41, and
Xt+1, given (X, @y, Xt) and a(t), the transition functions can
be calculated in lemma 1.

Lemma 1. The transition functions of the Dec-POMDP:

p((swx Ur) |(52a Sjvvk)’ (Lam)) =

m 21

ngu ) *Pk,r - (PS . ]]-{wzsi} =+ (1 - pS) : ]]-{x:sjv}) )
P (802, 0,) (81,87, 00), (0, 0n) ) = D™ - pr - Lpas
(22)

Sfor any x € S and indexes i, j, u € {1,2,-- |
{1,2,---,|V|}, and m € {1,2,--- | Aal|}.

Proof. The transition function can be derived by incorporating
the dynamics in equations (13), (14), (15), and (18). A more
comprehensive proof is presented in Appendix A. O

e A = As x Au, with As = {0,1} representing the set
of binary sampling actions executed by the sampler, and
Aa {ap, -+ ,ap—1} representing the set of decision
actions undertaken by the actuator.

o () = Qg x Q4 constitutes a finite set of joint observations.
Generally, the observation made by a single agent regarding
the system status is partially observable. {)g signifies the
sampler’s observation domain. In this instance, the sampler
Agentg is entirely observable, with 2g encompassing the

comprehensive system state og) = W,;. Q4 signifies the
actuator’s observation domain. In this case, the actuator (or
decision-maker) Agent A is partially observable, with 24
comprising 054) = X(t (t). The joint observation at time instant
t is denoted by o; = (og)7 o(j))

o O = Og x O4 represents the observation function, where
Og and O 4 denotes the observation function of the sampler

Agentg and the actuator Agent 4, respectively, defined as:
O(w,0) = Pr(o; = o|W; = w),
= Pr(og) = 0g|W; = w),
= Pr(og) =04|Wy=w).
The observation function of an agent Agent; signifies the
conditional probability of agent Agent; perceiving o;, con-
tingent upon the prevailing global system state as W; = w.
For the sake of brevity, we henceforth let p4(04|w) represent
O4(w,04) and ps(og|w) represent Og(w,04) in the sub-
sequent discourse. In our considered model, the observation
functions are deterministic, characterized by lemma 2.

Lemma 2. The observation functions of the Dec-POMDP:

Og(w,0g) (23)

Oa(w,04)

Ps ((Sua Sr, Uq)|(3i7 S5, Uk)) = ]1{(su,s,,,,vq):(si,3j,vk)}
pbA (Sz|(3i7 S5 Uk)) = ]1{.92:5]-}'
- |S|}, and k, q €

(24)

for indexes z, i, j, u, r € {1,2

{172’ T |V‘}

e R is the reward function, characterized as a mapping
Z x A — R. In the long-term average reward maximizing
setup, resolving a Dec-POMDP is equivalent to addressing the

T-1
following problem mlenT lim sup £ E™¢ | — Z r(t) . Subse-
Kiyel T
quently, to establish congrue;lce with the problem in (19), the
reward function is defined as:
r(t) = R™(w,as) = —GoT™(t) — Cs - ag(t).

B. Solutions to the Infinite-Horizon Dec-POMDP

In general, solving a Dec-POMDP is known to be NEXP-
complete for the finite-horizon setup [53], signifying that it
necessitates formulating a conjecture about the solution non-
deterministically, while each validation of a conjecture de-
mands exponential time. For an infinite-horizon Dec-POMDP
problem, finding an optimal policy for a Dec-POMDP prob-
lem is known to be undecidable. Nevertheless, within our
considered model, both the sampling and decision-making
processes are deterministic, given as ag(t) = ws(w) and
as(t) = ma(oa). In such a circumstance, it is feasible
to determine a joint optimal deterministic policy via Brute-
Search-across the decision-making policy space.

1) Optimal Solution

The idea is based on the finding that, given a deterministic
decision-making policy 74, the sampling problem can be
formulated as a standard fully observed MDP problem denoted
by e £ (T.T™, A5, R).

Definition 1. Given a deterministic decision-making pol-
icy ma, the optimal sampling problem could be formu-
lated by a typical fully observed MDP problem e =
(Z,As, Typs R), where the elements are given as follows:

(25)
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o I: the same as the pre-defined Dec-POMDP tuple.

o As ={0,1}: the sampling and transmission action set.

o TT™A: the transition function given a deterministic
decision-making policy ma, which is

T (w,as,w') = p™ (W'|w,as)

= 3 p(W'|w.(as,ma(04) paloalw): 26

04€04
where p(w'|w, (ag,ma(04))) could be obtained by
Lemma 1 and p(oa|w) could be obtained by Lemma 2.
e R: the same as the pre-defined Dec-POMDP tuple.

We now proceed to solve the MDP problem .#y;1,p, which
is characterized by a tuple (Z, 774, Ag, R). In order to deduce
the optimal sampling policy under a deterministic decision-
making policy w4, it is imperative to resolve the Bellman
equations [57]:

0+ Vaa(w) = max {R“ (w,as) + WZGIIP(W'Iw, as) Vi, (W)
27)

where V74 (w) is the value function and ¢  is the optimal
long-term average reward given the decision-making policy
m4. We apply the relative value iteration (RVI) algorithm to
solve this problem. The details are shown in Algorithm 1:

Algorithm 1: The RVI Algorithm to Solve the MDP
Given 74

Input: The MDP tuple (Z, As,T"4,R), €, Ta;
1 Initialization: Yw € Z, V;?, (w) =0, V; ' (w) =00, k=0
2 Choose w"¢/ arbitrarily;
3 while ||\~/,£“A (w) — f/,fA’l(w)H >edo

4 k=k+1;
5 gk = max {'R(wrcf,as) + Z p(w'|w"! ag)\?fgl(w’)};
s w’'eT
6 for w e Z — w™f do
7 L 7 (w) = i +max{n<w7 )+ Y p(w’\w,asmk;l(w’)};
s w/eT—wref

* *\ _ 7k ’ rk n .
8 0 (7r4477rs)7*VnA(W)+a§1€a}5 {R(W-,GS)JF Zg:zp(w |W,as)VwA(W)},

9 for w € 7 do
10 L mg(ma, w) =

arg max {R(w, as) + Zw,ezp(w’|w, as)f/,fA (w’)};

as

Output: 75(ma), 0% (74, 75)

With Definition 1 and Algorithm 1 in hand, we could then
perform a Brute-Force-Search across the decision-making pol-
icy space T 4, thereby acquiring the joint sampling-decision-
making policy. The algorithm is called RVI-Brute-Force-
Search Algorithm, which is elaborated in Algorithm 2. In
the following theorem, we discuss the optimality of the RVI-
Brute-Force-Search Algorithm.

Theorem 1. The RVI-Brute-Force-Search Algorithm (Algo-
rithm 2) could achieve the optimal joint deterministic policies
(r%, %), given that the transition function T™ follows a
unichan.

Proof. 1f the the transition function 774 follows a unichian,
we obtain from [58, Theorem 8.4.5] that for any w4, we
could obtain the optimal deterministic policy 7 such that
0 (ma,m5) < 0*(ma,mg). Also, Algorithm 2 assures that
for any ma, 0*(mh,ms) < 0*(ma,w5). This leads to the
conclusion that for any wo = (mg,ma) € Y, we have that

0" (ma, ms) < 0% (ma,m5) < 07 (ma, 7s). (28)

Nonetheless, the Brute-Force-Search across the decision-
making policy space remains computationally expensive, as
the size of the decision-making policy space T 4 amounts to
T4l = A(XA. This implies that executing the RVI algorithm
.Af“ times is necessary to attain the optimal policy. Conse-
quently, although proven to be optimal, such an algorithm is
ill-suited for scenarios where Q4 and A4 are considerably
large. To ameliorate this challenge, we propose a sub-optimal,
yet computation-efficient alternative in the subsequent section.

2) A Sub-optimal Solution

The method here is to instead find a locally optimal algo-
rithm to circumvent the high complexity of the Brute-Force-
Search-based approach. We apply the Joint Equilibrium-Based
Search for Policies (JESP) for Nash equilibrium solutions
[59]. Within this framework, the sampling policy is optimally
responsive to the decision-making policy and vice versa, i.e.,
Vg, ma, 0(r%, ) < O0(mg,mh),0(ms, m4) < 0(ms,ma).

Algorithm 2: The RVI-Brute-Force-Search Algorithm
Input: The Dec-POMDP tuple
Mprc—pompr = (n, I, A, T,Q,0,R);
1 for m4 € T4 do
2 L Formulate the MDP problem

M 2 (L, As, Taydp, R) as given in Definition 1;
3 Run Algorithm 1 to obtain 7g(ma) and 0 (7wa, 7s);
4 Calculate the optimal joint policy:

7y =argmin, , 07,

T =ms(mh) ’
Output: 75, 74

To search for the Nash equilibrium, we first search for the
optimal sampling policy prescribed a decision-making policy.
This problem can be formulated as a standard fully observed
MDP problem denoted by .#p = (T, As, Tyisp, R) (see
Definition 1). Next, we alternatively fix the sampling policy
g and solve for the optimal decision-making policy 7 4. This
problem can be modeled as a memoryless partially observable
Markov decision process (POMDP), denoted by #7735\ pp =
(Z,A4,94,04, ToSupps R) (see Definition 2). Then, by
alternatively iterating between Agents and Agent 4, we could
obtain the Nash equilibrium between the two agents.

Definition 2. Given a deterministic sampling policy
ms, the optimal sampling problem could be formu-
lated as a memoryless POMDP problem M58\ np =
(Z,A4,94,04, ToSmpps R), Where the elements are given

as follows:

o I, Qu, Aa, and O y: the same as the pre-defined Dec-
POMDRP tuple.
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o ToSupp: the transition function given a deterministic
sampling policy mg, which is

7-PZFSMDP(WvaAvW/) =p (Wl‘wvaA)

= p(w'lw, (ms(w),an)) )

where p(w'|w,(ms(w),a4)) could be obtained by
Lemma 1.

o R: the reward function is denoted as R™S (w,a ), which
could be obtained by (9).

We then proceed to solve the memoryless POMDP problem
discussed in Definition 2 to obtain the deterministic decision-
making policy. Denote p7s (w'|w) as the transition probability
Pr{W;,; = w/|W; = w} under the sampling policy 74 and
7g, we then have that

prs (Ww) =

3 ploalw) Y pmE(WIw,aa)ma(aalos), GO
04€04 as€EAA
where p(oa|lw) could be obtained by Lemma | and

p™S(w'|w,ma(04)) is obtained by (29). By assuming the
ergodicity of the p7$ (w'|w) and rewrite it as a matrix P7$,
we could then solve out the stationary distribution of the
system status under the policies mg and 74, denoted as p’S

TA?
by solving the balance equations:

€2V

TS - — s s —
ll’ﬂ"APWA - /J’wAv H?TAe - 1;

where e is the all one vector [1,---,1]7/x1, ui$ could be
solved out by Cramer’s rules. Denote 175 (w) as the stationary
distribution of w. Also, we denote 7S (w) as the expectation
reward of global system status w under policies m4 and 7g.

It could be calculated as:

S ploalw)R™ (w,ma(04)).

0A€04

ALY

(32)

The performance measure is the long-term average reward:

)

t=0

1
NS = limsup —R(7sma) = Z prs (w)ris (w)
T—o0 T weT

(33)

With 77 in hand, we then introduce the relative reward

955 (w), defined by

T-1
1
grs (w) = limsup —E(ms:ma) [ E (r(t) —nzs) |[Wo = w] ,
T—o00

t=0
(34)
which satisfies the Poisson equations [60]:

s+ R (W) =i (W) + D PR (Ww)grs (W), (35)
w'el
Denote g7 as the vector consisting of g7%(w), r7s as the
vector consisting of 775 (w), w € Z. g7's could be solved by
utilizing [58]:

s

gr; = [(I - P35 +euts) ' —eprs|rr;

TA

(36)

With the relative reward 9ns in hand, we then introduce
75(w,aa) and Q7S (04,a4) as follows:

Lemma 3.
calculated as:

7s(w,aa) and Q75 (oa,aa) are defined and

s (woaa) £

lim sup %E(“S’”“ {

T— o0

5 () — 2) (W = waaa(0) = aA}

= R™ (W, a4) — 055 + 3 e P75 (WW,aa)gms (W), (37)

Q75 (0a,a4) £

lim sup %E(”S“A) [

T—o0

o

T—1
> (r(t) —n7s)

t=0

= > pls (wloa) Q%S (W, aa),
weZL

=o04,a4(0) = aA]

(38)

where p7s (W'|w) can be obtained by (30) and p}s (wloa)
can be obtained by the Bayesian formula:
pizs (W)p(oa|w)
wez Ha (W)p(oa|w)

Proof. Please refer to Appendix B.

prs(wloa) = D (39)

O

T

the Policy Iteration (PI) Algorithm with Step Sizes [61] to
iteratively improve the deterministic memoryless decision-

making policy m4. The detailed steps are shown in Algorithm
3.

With Q73 (04,a4) in hand, it is then easy to conduct

Algorithm 3: The PI Algorithm with Step Size to
Solve the POMDP Given 7g
Input: The POMDP tuple
MpSmpp 2(Z,Aa,Qa, Oa, Tedupps R)s € 7s;

1 Initialization: randomly choose decision-making policy 7r1(41),

M = 075 gy = 00, k=0
2 while |n7ri<’”‘> — nwi<k71)| >edo
3 k=k+1;
Calculate the transition probability p:i () (W'|w) by
(30);

S
RO)

wn

Solve the stationary distribution u: by the stationary

equations (31);

6 Calculate the expectation reward r"° | (w) by (32) and
TA

the long-term average reward n:i by (33);

7 Calculate the relative reward g . (w) by (36);
TA
8 for 04 € O4 do
for as € Aa do

10 L Calculate Q:i“‘) (04,a4) by Lemma 3;
11 for 04 € O4 do
2 ma(Joa) = argmax Q"¢ (04, aa);

. ma(loa) Ta
13 w4 (Joa) =

T4 (loa) + 0k (m T (o) — ma(04));

14 for o4 € O4 do

15 mh(0a)
16 07 (ms,Ta) = 1753
Output: 7} (7s), 0% (s, 74)

—ar (k)
= argmaxm,

aA

(aaloa);

Thus far, we have solved two problems: ¢) by capitalizing on
Definition 1 and Algorithm 1, we have ascertained an optimal
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sampling strategy 7g contingent upon the decision-making
policy m4; i) by harnessing Definition 2 and Algorithm
3, we have determined an optimal actuation strategy myg
predicated on the decision-making policy m4. Consequently,
we could iteratively employ Algorithm 1 and Algorithm 3 in
an alternating fashion, whereby Algorithm 1 yields the optimal
sampling strategy Wg(k) (ﬂff_l)), subsequently serving as an
input for Algorithm 3 to derive the decision-making policy
wz(k) (w;(k)). The procedure shall persist until the average re-
ward 6* (15", 73"} reaches convergence, indicating that the
solution achieves a Nash equilibrium between the sampler and
the actuator. The intricacies of the procedure are delineated in
Algorithm 4.

Remark 1. Generally, the JESP algorithm should restart the
algorithm by randomly choosing the initial decision-making
policy 7Tj;1 to ensure a good solution, as the initialization
of decision-making policy 71';(1) may often lead to poor local
optima. We here investigate a heuristic initialization to find the
solution quickly and reliably. Specifically, we assume that the

decision-maker is fully observable and solve a MDP problem:

Definition 3. .Z\pp = (Z,Aa, Tupp, R), where the ele-
ments are given as follows:

o ZL: the set of (X;,®1) €S x V.
o Ag ={ag,an—1}: the decision-making set.
o T: the transition function, given as
T((Xta (I)t)v aa, (Xt+17 q)t+1))
= p(Xi11]| X, aa, D) - p(Pry1|Py),
where p(Xi41|Xt,a4,P;) and p(Py41|P;) could be ob-

tained by (13) and (14), respectively.
o R: the same as the pre-defined Dec-POMDP tuple.

(40)

Through solving the above MDP problem, we could explic-
itly obtain the Q function Q(X¢, ®;,a4), define Q(X¢,a4) as
Es,[Q(X¢, ®;,a4)], the initial decision-making policy 71'2(1
is given as

Wz(l)(Xt) = arg minaAQ(Xt, aa). S

V. SIMULATION RESULTS

Tradition metrics such as Age of Information have been
developed under the assumption that a fresher packet or more
accurate packet, capable of aiding in source reconstruction,
holds a higher value for the receiver, thus promoting goal-
oriented decision-making. Nevertheless, the manner in which a
packet update impacts the system’s utility via decision-making
remains an unexplored domain. Through the simulations, we
endeavor to elucidate the following observations of interest:
o GoT-optimal vs. State-of-the-art. In contrast with the state-
of-the-art sampling policies, the proposed goal-oriented sam-
pler & decision-maker co-design is capable of concurrently
maximizing goal attainment and conserving communication
resources, accomplishing a closed-loop utility optimization via
sparse sampling. (See Fig. 6 and 7)

e Separate Design vs. Co-Design. Compared to the two-stage
sampling-decision-making separate framework, the co-design

Algorithm 4: The Improved JESP Algorithm

Input: The Dec-POMDP tuple
Mpec—promppr = (N, T, A, T,Q0,R), ¢
1 Initialization: 65 = 0, 6%, = oo, k = 0;
2 Initialize WZ(D by calculating (41);
3 while ||07 — 0;_.|| > € do
4 k=k+1;
5 Formulate the MDP problem

ﬂ*(k) W*(k) . . ..
Myse =T, As, Typsp , R) as given in Definition 1;
6 Run Algorithm 1 to obtain g k).

7 Formulate the POMDP problem
(k)

(k)
o A 7 .
MpSypp = (L, A4, 024,04, ToSupp: R) as given

in Definition 2;

8 Run Algorithm 3 to obtain 0*(7r;(k), 7r:‘<k)) and wz(k);
o | 0p=0"(r5®, )

10 The joint sub-optimal policy is: T = ﬂ'g(k), Ty = WZUC) ;

11 The sub-optimal average reward is: 0 = 05;
Output: 75, 74, 6*

of sampling and decision-making not only achieves superior
goal achievement but also alleviates resource expenditure
engendered by communication and actuation implementation.
(See Fig. 6 and 7)

e Optimal Brute-Force-Search vs. Sub-optimal JESP. Under
different successful transmission probability pg and sampling
cost Cg, the sub-optimal yet computation-efficient JESP algo-
rithm will converge to near-optimal solutions. (See Fig. 8)

o Trade-off: Transmission vs. Actuation. There is a trade-
off between transmission and actuation in terms of resource
expenditure: under reliable channel conditions, it is apt to
increase communication overhead to ensure effective decision-
making; conversely, under poor channel conditions, it is advis-
able to curtail communication expenses and augment actuation
resources to attain maximal system utility. (See Fig. 9)

A. Comparing Benchmarks

Fig. 6 illustrates the simulation results, which characterizes
the utility by the average cost composed by status inherent cost
C1(X,, ®,), actuation gain cost Cy(m (X)), actuation inher-
ent cost Cs(ma (X)), and sampling cost C'g. The simulation
setup utilizes the parameters detailed in Section II-C2, which
is a remote fire monitoring and rescue system.* The following
comparing benchmarks are considered:

o Uniform. Sampling is triggered periodically in this policy. In
this case, as(t) = L{y=k+a}, Wwhere K =0,1,2,--- and A €
NT. For each A, we can obtain the sampling rate as 1/A and
explicitly obtain the long-term average cost through Markov
chain simulations under pre-defined greedy-based decision-
making policy ma(so) = ao,ma(s1) = as,wa(s2) = ar,
which is obtained through (42). The setup of A represents
a trade-off between utility and sampling rate, as depicted in
Fig. 6: If Cs is minimal, sampling will contribute positively

4We omit specific transition probabilities p§k1;7'L). In the fire monitoring and
rescue system, action a; with higher ¢ increases the probability that the source
will stabilize and transition to “No Fire.” The “Rainy” context also enhances
this likelihood. Typically, these probabilities are informed by empirical data
and historical observations and may be arbitrarily chosen as long as the source
remains a unichain.
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to the utility; If the sampling action is expansive, sampling
may not yield adequate utility; If a single sampling consumes
moderate resource, the utility will exhibit a U-shaped pattern
in terms of the sampling rate.

e Age-aware. Sampling is executed when the Aol attains a
predetermined threshold, a principle that has been established
as a threshold-based result for Aol-optimal sampling [30].
In this case, as(t) = lL{aoit)>s},» Where the Aol-optimal
threshold 0 can be ascertained using the Bisection method
delineated in Algorithm 1 of [30]. In this context, rather
than determining a fixed threshold that minimized Aol, we
dynamically shift the threshold to explore the balance between
sampling and utility. As evidenced in Fig. 6, the utility derived
from this sampling policy consistently surpasses that of the
uniform sampling policy.

o Change-aware. Sampling is triggered whenever the source
status changes. In such a case, as(t) = l{x,2x, ,}- The
performance of this policy is dependent on the dynamics of the
system, i.e., if the semantics of the sources transfers frequently,
then the sampling rate will be higher. The utility of this policy
may be arbitrarily detrimental owing to its semantics-unaware
nature. In our considered model, the Change-aware policy will
turn out 89.5% to have the unsynchronized status X; = s
while Xt = s3. In this case, the actuator will implement the
actuation a4 = a7 according to the observation Xt = 83,
which will in turn make the status X; converges to sg.

e Optimal MSE. This is a type of E2E goal-oriented sampling
policy if the goal is determined as achieving real-time recon-
struction. Nevertheless, this policy disregards the semantics
conveyed by the packet and the ensuing actuation updating
precipitated by semantics updates. The problem could be
formulated as a standard MDP formulation and solved out
through RVI Algorithm. The sampling rate and average cost
are obtained given the MSE-optimal sampling policy and the
pre-defined decision making policy wa(sg) = ap,7a(s1) =
as, T (s2) = az, which is obtained through (42).

e Optimal Aoll (also optimal AoCI). From [45], it has
been proven that the Aoll-optimal sampling policy turns out
to be ag(t) = 1 (X%} From [42], the AoCI-optimal
sampling policy is ag(t) = ]]-{Xtixt—AoI(t)}. Note that

X, = Xi—aol(t)> these two sampling policies are equivalent.
The sampling rate and average cost are obtained given this
sampling policy and the greedy-based decision-making policy
ma(s0) = ao,ma($1) = as,ma(s2) = ay, which is obtained
through (42).

B. Separate Design vs. Co-Design

Conventionally, the sampling and actuation policies are
designed in a two-stage manner: they first emphasize open-
loop performance metrics such as average mean squared error
(MSE) or average Age of Information (Aol), we then focus on
the decision-making policy 74 design. Specifically, we con-
sider that w4 is predetermined using a greedy methodology:

ma(X) = arg min { [01 (Xy, @) — cz(m(f(,,))] T CymaX) Y.
A A t (42)

This greedy approach entails selecting the actuation that min-
imizes cost in the current step, given that th observation X, is
perfect. By calculating (42), we obtain 74(sg) = ag, ma(s1) =
as, ma(s2) = ar.

However, we notice that sampling and actuation are closely
intertwined, highlighting the potential for further co-design.
In this paper, we have proposed the RVI-Brute-Force-Search
and the Improved JESP algorithms for such optimal co-design.
As shown in Fig. 6, the sampler & decision-maker co-design
achieves the optimal utility through sparse sampling. Specifi-
cally, only semantically important information is sampled and
transmitted, while non-essential data is excluded. This goal-
oriented, semantic-aware, and sparse sampling design repre-
sents a significant advancement in sampling policy design.
By incorporating a best-matching decision-making policy, the
sparse sampling achieves superior performance compared to
existing methods.

Fig. 7 presents a comparative analysis between the Aoll (or
AoCI)-optimal sampling policy, the MSE-optimal sampling
policy, and our proposed GoT-optimal sampler & decision-
maker co-design. It is verified that under different pg and
Cs, the proposed GoT-optimal sampler & decision-maker co-
design achieves the optimal goal-oriented utility. Importantly,
under the condition of an extremely unreliable channel pg =
0.2 and high sampling cost C's = 10, the proposed co-design
facilitates a significant reduction in long-term average cost,
exceeding 60%. This underscores the superiority of the GoT-
optimal sampler & decision-maker co-design.

C. Optimal vs. Sub-Optimal

Fig. 8 presents a comparative visualization between optimal
and sub-optimal solutions over a wide range of Cs and
ps values. The negligible zero-approaching value in Fig. 8
implies a trivial deviation between the optimal and sub-optimal
solutions, suggesting the latter’s potential for convergence
towards near-optimal outcomes. The minimal variance testifies
to the sub-optimal algorithm’s consistent ability to approxi-
mate solutions with high proximity to the optimal. This critical
observation underscores the practical advantages of employing
sub-optimal improved JESP Algorithm, especially in scenarios
with extensive A4 and O 4.

D. Trade-off: Transmission vs. Actuation

Fig. 9 exemplifies the resource allocation trade-off be-
tween transmission and actuation when the long-term average
cost is minimized. When the probability of pg remains low
(signifying an unreliable channel) or Cs is high (indicating
expensive sampling), it becomes prudent to decrease sampling
and transmission, while concurrently augmenting actuation
resources for optimal system utility. In contrast, when the
channel is reliable, sampling and transmission resource can be
harmonized with actuation resources to achieve the goal better.
This indicates that through the investigation of the optimal co-
design of the sampler & decision-maker paradigm, a trade-off
between transmission and actuation resources can be achieved.

VI. CONCLUSION

In this paper, we have investigated the GoT metric to
directly describe the goal-oriented system decision-making
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Separate Design. Uniform Sampling.

Separate Design. Aol-aware Sampling. [27]

Separate Design. Change-aware Sampling.

Separate Design. AolI(AoCI)-Optimal Sampling. [43] and [40]
Co-Design. GoT-Optimal. Proposed.

Separate Design. MSE-Optimal Sampling.
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utility. Employing the proposed GoT, we have formulated an
infinite horizon Dec-POMDP problem to accomplish the co-
design of sampling and actuating. To address this problem, we
have developed two algorithms: the computationally intensive
RVI-Brute-Force-Search, which is proven to be optimal, and
the more efficient, albeit suboptimal algorithm, named JESP
Algorithm. Comparative analyses have substantiated that the
proposed GoT-optimal sampler & decision-maker pair can
achieve sparse sampling and meanwhile maximize the wutility,
signifying the initial realization of a sparse, goal-oriented, and
semantics-aware sampler design.
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APPENDIX A
THE PROOF OF LEMMA 1
By taking into account the conditional independence among
Xit1, Dpy1, and Xyqq, given (X¢, &4, X;) and a(t), we we
can express the following:

Pr {Wt+1 = (sua x, UT) |Wt = (Sia S35 Uk)v a(t) = (17 am) }
=Pr{Xit1 = 5. |W¢ = (84,85,0),a(t) = (1,am) } x
Pr {Xt-H =z |W¢ = (si, 85, vk),a(t) = (17am)} X
Pr {(I)tJrl = Ur |Wt = (573’ sjvvk)a a(t) = (17 am) } 3

(43)
wherein the first, second, and third terms can be derived
through conditional independence, resulting in simplified ex-
pressions of (13), (18), and (14), respectively:

Pr{ X1 = 54 [We = (51,55, 0),a(t) = (Lam) } = pl&™,
(44)

Pr {Xt+1 =2 |W¢ = (s4,55,08),a(t) = (1,am)}
=ps - Lig=s) + (1 = ps) - Lip—s,},

(45)

Pr {(DH—l = Ur |Wt = (8i7 Sj, Uk)aa(t) = (17 am)} = Pk,r;

(46)
Substituting (44), (45), and (46) into (43) yields the (1) in
Lemma 1. In the case where as(t) = 0, we can obtain a similar
expression by replacing a(t) = (1,m) with a(t) = (0,m).
Substituting (13), (15), and (14) into this new expression
results in the proof of (22) in Lemma 1.

APPENDIX B
PROOF OF LEMMA 3
7s(w,aa) could be simplified as follows:

T-1
. 1
lim sup TE(”S’“) Z (r(t) = nZs) [Wo = w,aa(0) =an
T—oc0 =0
=R" (W,CLA) - U;i + Z pﬂs(w/|w7aA),
w'eT
1 T-1
lim sup ——RE(7s:74) Z (r(t) —ns) Wy =w
T—o0 -1 =1
ACS!
=R (Woaa) =07 + Y 0" (W |waa)gRs (W),
w'el

(47
75(0a,a4) could be solved as:

T—o0 =0

=Y Pl (wloa,aa)

weZl

T-1
1
lim sup TIE(”S’”) |:Z (r(t) — n%s) ‘of) =04,a4(0) = aA:|

~
-

T—o00 - +

Il
o

1
- lim sup 7T 1IE(’TS’“) { (r(t) —n5s) [Wo = w,a4(0) = aA}

Q75 (w,aa)

=) i (wloa,aa)QF5 (W, an).
weZ

(48)

where p7S (wWloa,a4) is the posterior conditional probability.
Note that the state w is independent of a 4 when 04 is known,
we have that

pgi (W, OA)
pra(0a)

_ prs(w)ploalw)

C Ywer Has (W)p(oalw)
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